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1. INTRODUCTION 
If m is a positive integer or co, the m layer of a group is the subgroup gener- 
ated by all the elements of order m. Following Cemikov we call a group 
extremal if it is a finite extension of an abelian group satisfying the minimal 
condition for subgroups: extremal groups turn up frequently in the theory of 
infinite groups and it is an unsolved problem whether every group satisfying 
the minimal condition is extremal. In this paper we study groups all of whose 
layers are extremal or EL groups for short. It is clear that an EL group is 
countable and locally finite since extremal groups have these properties and 
since each layer is a normal subgroup. 
Some years ago interesting characterizations of EL-groups were given by 
Ya. D. Polovickii ([12], Theorems 1 and 3) and we begin by giving another, 
more direct proof of his results. * In order to state these we need some 
further terminology. A group is said to be locally extremal and normal if every 
finite subset lies in a normal extremal subgroup. A direct product of groups is 
called prime-thin if for each prime p only a finite number of the direct factors 
contain elements of order p. PolovickiI’s theorem is as follows. 
THEOREM 1. The following properties of a group G are equivalent. 
(i) G has extremal layers. 
(ii) G is locally extremal and normal and each Sylow subgroup of G is 
extremal. 
(iii) G can be embedded in a prime-thin direct product of extremalgroups. 
In the second part of the paper we consider ascendant EL-subgroupslin 
an arbitrary group. Recall that a subgroup H of a group G is ascendant in G 
if there is an ascending series from H to G 
H = HO Q HI Q .a. H, = G 
* Polovickii’s proof makes use of his theory of the n-minimal condition, [ll]. 
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where H, 4 H,, and Hh = U,..A H, for all ordinals a < ,3 and limit 
ordinals X < /I. The notation H asc G will sometimes be used. 
A class of groups I is called an ascendant coalition class if in any group a 
pair of ascendant X subgroups always generates an ascendant X subgroup. 
Examples of ascendant coalition classes have been given by several authors: 
finitely generated nilpotent groups (Gruenberg [9]), groups satisfying the 
maximal condition for subgroups (Baer [3]), groups satisfying the minimal 
condition for subgroups or for subnormal subgroups (Robinson [14]). The 
following theorem provides two new ascendant coalition classes. 
THEOREM 4. The class of groups with extremal kzyers and the class of 
residually finite groups with extremal layers are ascendant coalition classes. 
The class of residually finite EL-groups is in fact just the class of all 
periodic groups which contain only a finite number of elements of order a 
power of p for each prime p. (See Remark 2 below.) By Theorem 1 the 
groups in this class are also just the groups that can be embedded in prime-thin 
direct products of finite groups: this is due to Cemikov ([6]) and it also 
follows from a theorem of P. Hall ([lo], Theorem 2.1). 
On the other hand the class of groups with finite layers* (FL groups) is not 
an ascendant coalition class, as we see from the well-known locally dihedral 
group 
G = (t, A : t2 = 1, tat = a-l, a E A), 
where A is of type 2”O; here G is the product of A and the ascendant subgroup 
(t), but G is not an FL-group since it is generated by involutions. 
The class of EL groups, unlike the other ascendant coalition classes 
mentioned above, is not a subnormal coalition class: a pair of subnormal 
EL-subgroups of a group generates a subgroup which, although always an 
ascendant EL-subgroup, need not be subnormal. This may be seen as follows. 
Let p be any prime and let G(p) be a finite p group having subgroups H(p) 
and K(p) such that (a) the subnormal indices of e(p) and K(p) in G(p) do not 
exceed an integer r which is independent of p, and (b) if J(p) is the subgroup 
generated by H(p) and K(p), the subnormal index of J(p) in G(p) becomes 
unbounded with p. Such groups do exist: examples with r = 6 may be 
derived from the groups constructed by Roseblade and Stonehewer in 
Theorem E of [15]. Let us denote the direct products of the G(p)‘s, ‘J(p)‘s, 
H(p)‘s and K(p)‘s for p a prime by G, J, H and K, respectively. Then 
J = (H, K) and H and K are subnormal in G with subnormal indices <r. 
* By Dietzmann’s Lemma the m layer of a group is finite if and only if there are 
only finitely many elements of order m in the group. 
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In addition, G is a residually finite FL group. If J were subnormal in G 
with subnormal index s, then for arbitrary p we would have 
which implies that the subnormal index of J(p) in G(p) does not exceed S, 
contrary to construction. 
Notation 
H asc G means that H is an ascendant subgroup of the group G. If r is 
a set of primes, n’ denotes the complementary set of primes, a r element of 
a group is an element whose order is a n number and a ngroup is a group all of 
whose elements are v elements. The torsion-spectrum of a group is the set of 
primes p for which the group contains at least one p element. A group is 
said to be radicable if for each positive integer n every element is an n-th power. 
If X and Y are subsets of a group, Xy is the subgroup generated by all the 
conjugates xv = y-lxy, x E X, y E Y. 
2. PROOF OF POLOVICKIYS THEOREM 
We will require three preliminary results. 
LEMMA 1. ([7], Folgerung 3.2). A locally @site p group whose abelian 
subgroups satisfy the minimal condition for subgroups i extremal. 
LEMMA 2. ([14], Lemma 2.2). In any group G the subnormal quasicyclic 
subgroups generate an abelian subgroup which is a direct product of quasicyclic 
groups and which normalizes evmy subnormal periodic subgroup of G. 
LEMMA 3. ([13], Lemma 5.1.1). Let G be a locah’yfinitegroup, let N CI G 
and let GIN be countable. Suppose that for no prime p do both N and GIN 
contain an element of order p. Then N has a complement in G. 
Of these Lemma 1 is a well-known theorem of Cernikov and can be proved 
by quite elementary means, Lemma 2 is entirely elementary while Lemma 3 
may be deduced in a routine manner from the Schur-Zassenhaus theorem for 
finite groups. Note that we will require the third lemma only when N is 
soluble, so we do not make use of the solubility of groups of odd order, (see 
[16], p. 162, Theorem 27). 
Finally we remark that the class of extremal groups is closed under the 
formation of subgroups, homomorphic images and extensions. Of these 
assertions only the last is perhaps nontrivial but its proof is a routine exercise 
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which we leave to the reader. The class of extremal groups is therefore just 
the class of poly-(finite or quasicyclic) groups. 
Proof of Theorem 1. (a) It is immediate that a subgroup of a prime-thin 
direct product of extremal groups is an EL group, so certainly (iii) implies (i). 
Let G be an EL group. If x E G, then xG lies inside a layer, so it is extremal. 
Hence, for any finite subset {x1 ,..., xr} of G, {x1 ,..., x,> C xIG *** x,.G, which is 
extremal. Thus G is locally extremal and normal. Every elementary abelian 
p subgroup of G is finite, so the abelianp subgroups of Gall satisfy the minimal 
condition and by Lemma 1 every Sylow p subgroup of G is extremal. Thus (i) 
implies (ii), and it remains to show that (ii) implies (iii). 
(b) Let G be a locally extremal and normal group with extremal Sylow 
subgroups. Then G is an extension of a periodic, radicable, abelian EL subgroup 
by a group in which for each prime p there are only $nitely many p elements. 
Let Q be a quasicyclic subgroup of G and let X be a finite subset of G. 
Then Xc is extremal, so it has a characteristic, radicable, abelian subgroup A 
which satisfies the minimal condition and has finite index. Since Aut A is 
residually finite, Q centralizes A and Xc/A, so that [Xc, Q, Q] = 1. Hence, 
[G, Q, Q] = 1 and Q is subnormal in G. Let R be the subgroup generated by 
all the quasicyclic subgroups of G. Lemma 2 shows that R is a periodic, 
radicable, abelian group; also each primary component of R satisfies the 
minimal condition, so R is an EL group. Letp be any prime and let P/R be a 
countable p subgroup of G/R. If B denotes the p’ component of R, then B has 
a complement in P, say X, and X N P/B, by Lemma 3. Now being ap group 
X is extremal and since all the quasicyclic subgroups of G are contained in R 
it follows that X/X n R is finite. But P = XR, so P/R N X/X n R and 
P/R is finite. Hence each Sylow p subgroup of G/R is finite. If PI/R and P,/R 
are Sylow p subgroups of G[R, they generate a finite subgroup and, hence, 
are conjugate. But PJR lies in a normal extremal subgroup of G/R, so P,/R 
must also lie in this subgroup. Hence, all the p elements of G/R lie in a 
normal extremal subgroup which must in fact be finite since G/R has no 
quasicyclic subgroups, its Sylow subgroups being finite. Notice also that G 
is countable. 
(c) For each prime p the p elements of Ggenerate an extremal subgroup. 
Let R be the subgroup generated by all the quasicyclic subgroups of G and 
let {x,R,..., x,R} be the set of all p elements in G/R. Then X = (x1 ,..., x,) 
is finite and XR is extremal. P, the p component of R, is also extremal, so 
PXR is extremal. We claim that PXR contains all the p elements of G. Let 
x be an element of G with order pr” and suppose that x = xlr, r E R. Then 
1 = (xir)pm = xf”#‘mod[X, R]. 
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Consequently, 
rp c?X[X, R] = XR, YEPXR and x = xirEPXR. 
(d) Every homomorphic image of G inherits the properties (ii) from G. 
For if H is a homomorphic image of G, it is clear that H is locally extremal 
and normal and that a p element of H is the image of a p element of G. By 
(c) the p elements of G generate an extremal group, so every Sylowp subgroup 
of H is extremal. 
(e) If p is a prime and M is the maximal normal p’ subgroup of G, then 
G/M is extremal. 
Let H = G/M, so that His locally extremal and normal and has extremal 
Sylow subgroups by (d). Let S be the subgroup generated by all the quasi- 
cyclic subgroups of H, then by (b) S is periodic and abelian and since H 
contains no nontrivial normal p’ subgroups, S must be ap group and therefore 
is extremal. By (b) the p elements of H/S generate a finite subgroup, say 
T/S, Let C denote the intersection of the centralizer of T/S in H with the 
centralizer in H of the subgroup generated by all the elements 
of order p in S. Clearly S ,< C and H/C is finite. The p elements of 
C/S generate a p-subgroup of the centre of C/S, say U/S; U is the unique 
Sylow p subgroup of C and by Lemma 3 there is an X such that C = XU and 
X n U = 1. Let x E X have order n. If  a E S has order pm, then [a, x]pmvl = 
[up@, x] = 1 since S is abelian and x E C. Hence, by induction on 
m [a, x, x] = 1 and therefore [a, x]” = [a, XQ] = 1. Sincep { n, it follows that 
[a, x] = 1 and [S, x] = 1. Now let b E U: since U/S is central in C, [b, x] E S 
and therefore [b, x, x] = 1. But this leads to [b, x]” = 1 and [b, x] = 1. 
Hence [U, X] = 1 and X Q XU = C; this shows that X is the unique 
Sylow p’ subgroup of C and that X Q H. Since H has no nontrivial normal 
p’ subgroups, X = 1 and C = U which is extremal. Hence His extremal. 
The final stage of the argument also occurs in Polovickil’s proof. Let 
PI 9 P!2 7.0. be the primes in the torsion-spectrum of G and let Mi be the 
maximal normal pi subgroup of G. By (e) G/M, is extremal and it is clear that 
the intersection of all the Mi’s is trivial. Hence, the map g + (gM, , gM, ,...) 
is an embedding of G in the Cartesian product of the groups G/M,, G/M, ,... . 
Let p be any prime and let P be the subgroup generated by all the p elements 
of G. By (c) P is extremal, so its torsion-spectrum n is finite. I f  pi $ QT, then 
P < Mi and G/M, is a p’ group. Therefore, only a finite number of the 
groups G/M,, G/M, ,... contain elements of order p. It follows that the 
elements of finite order in the Cartesian product of the G/M,‘s are just the 
elements of the direct product. Hence G is embedded in the direct product of 
the G/Mi’s and this direct product is, of course, prime-thin. 
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Remarks. (1) The class of EL groups is closed with respect to the forma- 
tion of homomorphic images. 
(2) If  G is an EL group and R is the subgroup generated by all the quasi- 
cyclic subgroups of G, then R is the$nite residual of G, i.e., R is the inter- 
section of all the normal subgroups with finite index in G. This is because 
G/R is residually finite-it is residually extremal by the theorem and by (b) 
every extremal homomorphic image of G/R is finite. The class of residually 
finite EL groups is therefore just the class of periodic groups which contain 
for each prime p only a finite number of p elements: notice that this is an 
image-closed class of residually finite groups. 
(3) The class of FL groups admits similar characterizations, viz. as the class 
of locally finite and normal groups with extremal, centre-by-finite Sylow 
subgroups and as the class of groups embeddable in prime-thin direct 
products of extremal, centre-by-finite groups. These results follow quite 
easily from Theorem 1, the closure of the class of FL groups with respect to 
forming homomorphic images and the fact that an extremal group is an 
FL group if and only if it is centre-by-finite, (see [I] or [4]). 
THEOREM 2. Let G be a group with extremul layers which is not itself 
extremal. Then G contains a characteristic subgroup which is the direct product 
of infinitely many Jinite minimal normal subgroups of G. 
Proof. G is countable and, by Theorem 1, residually extremal, so there 
exists a countably infinite, descending chain of normal subgroups of G, 
G = Gl > G, > **a such that the intersection of the Gi’s is trivial. Suppose 
that {Mr ,..., MJ is a set of finite minimal normal .subgroups of G whose 
product is direct. Since Mr x ... x ikIk is finite, (AZ1 x 9.. x Mk) n Gi = 1 
for some integer i. Let 1 # x E Ga : xc satisfies the minimal condition and, 
therefore, contains a minimal normal subgroup of G, say Mk+r . From the 
structure of the extremal group xc we easily see that M,,, is finite. Since 
M k+l <xc <G,, (MI x **a x Mk) n M,,, = 1 and the product of 
M 1 >..., Mk > Mw is direct. Hence, there exists an infinite set of finite 
minimal normal subgroups of G whose product is direct. Let S denote the 
product of all the minimal normal subgroups of G, i.e., the socle of G; then 5’ 
is infinite and characteristic in G. On the other hand each minimal normal 
subgroup of G is finite and it is well-known that S is a direct product of 
minimal normal subgroups of G. 
This is a generalization of a result of Cemikov ([4], Theorem 12). We 
mention incidentally that in the same paper Cernikov gives an example of an 
infinite, indecomposable, residually finite EL group; so despite Theorems 1 
and 2, an EL group is not in general a direct product of extremal groups. 
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Co-extremal groups 
We will call a group co-extremal if it has a polycyclic subgroup of finite 
index; it is easy to see that the class of co-extremal groups is just the class of 
poly-(finite or infinite cyclic) groups. It has been conjectured that all groups 
satisfying the maximal condition are co-extremal. For comparison with 
Theorem 1, we will now prove a much simpler result. 
THEOREM 3. A nonperiodic group whose co-layer is co-extremal is itself 
co-extremal. 
Proof. Let G be a nonperiodic group and let S, its co-layer, be co-extremal. 
G/S is of course periodic. By well-known facts about polycyclic groups, S 
has a characteristic series of finite length whose factors are either finite or free 
abelian of finite rank. Now it is obvious that the hypothesis on G is inherited 
by nonperiodic homomorphic images of G, so by induction on the length of 
the series in S we can assume that there is a normal, free abelian subgroup F 
of G with finite positive rank such that G/F is periodic. Let C = Co(F). Then 
F < C, so G/C is isomorphic with a periodic group of matrices over the field 
of rational numbers. It follows from a classical theorem of Schur ([8], p. 258) 
that such matrix groups are$nite, so G/C is finite. Since F lies in the centre of 
C, the latter can be generated by elements of infinite order. Hence C < S, so 
C, and therefore G, is co-extremal. 
In particular a nonperiodic group with co-extremal layers is co-extremal. 
Of course, the periodic groups with co-extremal layers are just the FL groups. 
3. ASCENDANT EL SUBGROUPS 
We recall a well-known result of Cernikov [5] which is the basis for the 
proof of Lemma 1 (see also Baer [2]). 
LEMMA 4. A periodic group qf automorphisms of an abelian group satisfying 
the minimal condition for subgroups is @site. 
COROLLARY. A periodic group of automorphisms of an extremal group is 
itself extremal. 
We will also require the following elementary result. 
LEMMA 5. Let G be a rr group where rr is a set of primes and let A be a 
periodic group of automorphisms of G. Suppose that G has an ascending series of 
A-invariant subgroups and that the automorphism groups of the factors which are 
induced by A in the natural way are all rr groups. Then A is a n group. 
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Proof. Let {G, : 0 < 01 < /3} be the A-invariant ascending series in G 
and let C denote the intersection of the centralizers of the factors of the series 
in A. Then C 4 A and A/C is a residually r group; since A is periodic, this 
means that A/C is a r group. Let D, be the centralizer of G, in C and assume 
that 01 is the first ordinal for which C/D, is not a n group. If 01 were a limit 
ordinal, C/Dal would be a residually w group and hence a r group. Thus OL is 
not a limit ordinal and C/Dti-I is a r group. Let x E G,: the map d -+ [x, dj, 
(d E D&, is a homomorphism of Dam1 into Gael . Since G,, is a n group and 
the intersection of the kernels of all such homomorphisms is just D, , it 
follows that D,-r/D,-and hence C/Da-is a rr group. Since De = 1, A is 
a 7r group. 
Finally, we will precede the proof of Theorem 4 with a well-known observa- 
tion about ascendant rr subgroups. Let H asc G where H is a x group and r 
any set of primes, and let H = HO 4 HI 4 *** H, = G be an ascending 
series from H to G. Define 
and observe that {Ha : 1 < (Y < /3} is an ascending series from H to HG. 
Also, 
so ff,,, is a product of conjugates of Ra each of which is normal in &+, . 
Since the property of being a r group is preserved under the formation of 
normal products and of unions of ascending chains, it follows by transfinite 
induction that HG is a rr group. Hence any set of ascendant rr subgroups 
generates a r subgroup. 
Proof of Theorem 4. (a) Let H and K be ascendant subgroups of a group 
G and let J = (H, K). Assume that both Hand K are EL groups. Our task 
is to prove that J is an ascendant EL subgroup of G and in addition that J is 
residually finite if both Hand K have this property. This will be accomplished 
in a series of six steps. 
(b) If X is an ascendant extremal subgroup of G, then X3 is extremal. 
Let n denote the torsion-spectrum of X, a finite set of primes. By the 
remark immediately preceding this proof X’ is a n group. Now the rr elements 
of K generate a normal extremal subgroup (by Theorem l), so if L denotes 
the centralizer of this subgroup in K, the Corollary to Lemma 4 shows that 
K/L is extremal. Clearly L asc G so, a fortion’, L asc LXJ and there is an 
ascending series L = L, u L, Q ..* L, = LXJ. Let M, = L, r\ X’, then 
Pc,l~ Ll G [-&+I, L]nXJ<LL,nXJ=M,and[M,,,L]=[LnXJ,L]=l, 
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since X-’ is a rr group and L centralizes all r elements of K. Hence L stabilizes 
(i.e., centralizes each factor of) the ascending series 
1 q MO Q MI 4 .a. MB = XJ. 
Let N be the centralizer of XJ in L; then Lemma 5 shows that L/N is a n group 
and this implies that L/N is extremal. Clearly N u K and K/N is extremal. 
Hence, if rr., is the torsion-spectrum of K/N and T is the subgroup generated 
by all the nI elements of K, then K = TN and T is extremal and normal in K. 
Since [XJ. N] = 1, it follows that 
XJ = XWJ-3) = X<HJ> 
A similar argument may be applied to H to show that 
XJ = x’KT> = jy<S.T> 
where S is a normal extremal subgroup of H. By Theorem 4.2 of [14], the 
extremal groups form an ascendant coalition class. Since X, S, and T are 
ascendant extremal subgroups of G, the subgroup (X, S, T), and hence XJ is 
extremal. 
(b’) If X is an ascendant finite subgroup of G and if in addition H and K are 
residually$nite, then X3 is$nite. 
The argument is similar to the one just given. (The fact that the class of 
finite groups is an ascendant coalition class is used.) 
(c) J is an EL group. 
Let p be any prime and let P and Q be the subgroups generated by all the 
p elements of H and K, respectively. P and Q are extremal and ascendant in G. 
Hence by (b), U = P’Q J is extremal. Now J/U is generated by the ascendant 
p’-subgroups HU/U and KU/U, so J/U is a p’ group; consequently the 
p elements of J lie in U and, therefore, generate an extremal subgroup. 
Hence, J is an EL group. 
(c’) If H and K are both residually finite, then for each prime p the p elements 
of J generate an ascendant jinite subgroup of G and J is residually finite. 
We use the notation of(c). By (b’) U is finite and contains all the p elements 
of J. Since U = PQ I, U is generated by finitely many ascendant finite 
subgroups of G, so U asc G. The p elements of J generate a normal subgroup 
of U and hence an ascendant subgroup of G. J is residually finite by 
Remark 2 above. 
(d) If H and K are both residual&finite, then J asc G. 
Let p be any prime and let P denote the subgroup generated by all the 
p elements of J. By (c’) P is finite and P asc G. Let rr be the torsion-spectrum 
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of P, then PG is a x group and in consequence J n PC is finite, since by (c’) J 
is a residually finite EL group. Let rI denote the union of rr with the torsion- 
spectrum of the group of automorphisms of J n PG induced by J; obviously 
7rr is finite. Let q be a prime not in rrI and let Q be the subgroup generated by 
all the q elements of J. Then Q n PG Q J, so by definition of rrI , Q induces a 
rrr group of automorphisms in Q n PG. Since Q asc QPC, Q stabilizes an 
ascending series from Q n PC to PC, by an argument used in (b). 
Lemma 5 shows that Q induces a rI group of automorphisms in PG. 
However, this group of automorphisms can be generated by q elements and 
q $ m1 , so we conclude that [Q, PC] = 1 if q $ r1 . 
Now define J,, to be the product of all the Q’s for which q $ x1 and Jl to be 
the product of all the Q’s for which q E r1 . Then Jo 4 J, Jl Q J and 
J = J,, Jl; also J1 is finite and ascendant in G by (c’). Since P asc PC, there 
is an ascending series 
P = P, q PI q a’* P@ = PG. 
Now [J,, , p7 = 1, so JopO 4 J,P,, for 0 < 01 < #?; hence, if V, = J,,P, , 
JOp = V, a VI a *-- V, = JopC 
is an ascending series whose first and last terms are normalized by J and 
hence by Jl . Now define 
w, = n v,*. 
fiJ1 
Then W, = JOp, W, = JpG, W, Q W,, and, since J1 isJinite, 
WA = u WV 
Y-G% 
for all ordinals OL < j3 and limit ordinals h < fi. Hence, we have an ascending 
series 
JOp = W, CI WI u -.. W, = JoPG 
in which each term is normalized by Jl . Thus, for 0 < 01 < fi, W, 4 Jl W,,,. 
Since Jl asc JIW,, and the property of being ascendant is preserved under 
homomorphisms, JIW, asc J1 W,, and therefore, JIWo = J asc JIW, = JPC. 
Now let p, q, r,... be the primes in the torsion-spectrum of J. Then it follows 
that 
J asc JPG asc JFQG asc JpQGRG -a*. 
Hence J asc JG Q G and J asc G. 
(e) In the general case J asc G. 
Now we assume only that Hand K are ascendant EL subgroups. Let R and 
S denote the finite residuals of H and K respectively and let T = RGSG. By 
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Remark 2, R and S are periodic, radicable, abelian groups and it is an easy 
deduction from Lemma 2 that an ascendant periodic, radicable, abelian 
subgroup is subnormal with subnormal index 62. Hence by Lemma 2 again, 
T is periodic, radicable and abelian. Now HT/T and KT/T are ascendant 
residually finite EL groups (see Remark 2), so by (d) JT asc G and it remains 
to show that J asc JT. Since T is abelian, J n T 4 IT, so we may assume 
that ] n T = 1. Let p be any prime and let P denote the p component of T. 
Because H asc G, KascG and HnT = 1 = Kn T, both H and K 
stabilize ascending series in P. Hence, if C is the centralizer of P in ], 
Lemma 5 shows that HCjC and KC/C are p groups; therefore they are 
extremal. Now C 4 JP and HC/C and KC/C are ascendant, extremal 
subgroups of JP/C. Thus J asc JP. Let p, 4, r,... be the primes in the torsion- 
spectrum of T and let P, Q, R ,... be thep, q, r ,... components of T, respectively. 
Then 
J asc JP asc JPQ asc JPQR..., 
so that J asc JT as required. 
THEOREM 5. In any group a finite set of subnormal subgroups each of which 
has $nite layers generates a (not necessarily subnormal) subgroup with jkite 
layers. 
Proof. Let H1 ,..., H,, be subnormal FL subgroups of a group G and let 
I = <HI 9..., H,}. By Theorem 4 ] is an EL group, so its finite residual R is 
radicable and abelian. By Lemma 2, R normalizes Hi and hence, each layer of 
Hi . Since R has no proper subgroups of finite index, it centralizes each layer 
of Hi and [R, Hi] = 1. Hence R lies in the centre of ]. Now clearly R is 
an FL group (like every abelian EL group) and J/R is a residually finite 
EL group and therefore is an FL group. Finally, it is easy to prove (see [I] 
or [4]) that an FL extension of a central FL subgroup is an FL group; thus, 
J is an FL group. 
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